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The wave-vector dependence of the susceptibility in quasi-one-dimensional systems is studied theoretically
without and with external magnetic field in the perpendicular direction. We show that the wave-vector-
dependent susceptibility has a two-step plateaulike structure in the absence of the magnetic field, when the
warping of the Fermi surface caused by the �2�3 sin�3�ky ���� term, which breaks the reflection symmetry
with respect to the most conducting chain, is larger than the critical value. The susceptibility is shown to have
the plateaulike maximum in the small region in the wave vector at the edge of the lower plateau. We discuss
the importance of the plateaulike maximum for the the field-induced spin density wave states in quasi-one-
dimensional systems, such as the organic conductors �TMTSF�2PF6 and �TMTSF�2ClO4.
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I. INTRODUCTION

It is well known that while the static wave-vector-
dependent susceptibility �0�Q� of the one-dimensional elec-
tron gas diverges logarithmically at T=0 when �Q�=2kF,
where kF is the Fermi wave number, that of the two-
dimensional electron gas has the constant value at T=0 when
�Q��2kF. When the electrons are treated in the tight-binding
approximation, the susceptibility depends on the shape of the
Fermi surface. For the quasi-one-dimensional systems,
where the Fermi surface is almost nested but the nesting is
imperfect, the susceptibility has a plateaulike maximum in
the region around the optimal nesting vector Q0.

The quasi-one-dimensional electron systems are realized
in the organic superconductors �TMTSF�2X, where X=PF6
and ClO4, in which a lot of interesting phenomena have been
observed,1,2 such as the conductivity depending on the direc-
tion of the magnetic field, superconductivity, quantum Hall
effect in the bulk crystals, and field-induced spin density
wave �FISDW�.3–10 The similar quasi-one-dimensional elec-
tron systems have been also realized in �DMET-TSeF�2X
�X=AuCl2, AuI2�.11,12 The electron structure in the quasi-
one-dimensional conductors such as �TMTSF�2X and
�DMET-TSeF�2X is described by the 3/4 filled band of the
tight-binding model in the triclinic lattice with the transfer
integrals in the conducting plane as I1, I2, I3, I4, S1 and S2
�Fig. 1�. We neglect the transfer integrals between planes. In
�TMTSF�2ClO4, the noncentrosymmetric anions ClO4 align
alternatively in the b-direction and make the periodic poten-
tial, V, which we represent by the open and filled triangles in
Fig. 1. Although this periodic potential plays an important
role on the field-induced spin density waves,13–21 we do not
consider the effects of the anion ordering. In this paper we
focus on the effect of the other nesting-breaking terms, i.e.,
the higher harmonic warpings of the Fermi surface breaking
the reflection symmetry with respect to ky, which have not
been studied extensively. The transfer integrals and the warp-
ings of the Fermi surface are expected to depend on the

pressure. Therefore, the effects studied in this paper will be
seen in experiments.

Since the transfer integrals along the chain �S1 and S2� are
much larger than the hopping between the chains �I1, I2, I3,
and I4�, the Fermi surface consists with two warped planes
near kx= �kF= �3� /4.1,2,22,23 Then we can linearize the en-
ergy with respect to kx, and we obtain the model which is the
extension of the model proposed by Yamaji.1,24

In this paper we study the nesting condition of the Fermi
surface and the susceptibility in the absence of the magnetic
field in detail. The relation between the susceptibility without
magnetic field and that in the magnetic field is also dis-
cussed. We take the lattice constant to be 1 and 	=c=1.

II. QUASI-ONE-DIMENSIONAL FERMI SURFACE

A. Simple case on the square lattice

First we consider the simple case that the electrons are
moving on the square lattice with only nearest neighbor hop-
pings ta and tb. This model has been used to study the prop-
erties of the quasi-one-dimensional electrons. In this simple
model the energy is given by


0k = − 2ta cos kx − 2tb cos ky − 
F, �1�

and the Fermi surface is given by 
0k=0. In the quasi-one-
dimensional system, ta is much larger than tb

ta � tb. �2�

Then the Fermi surface is the two warped sheets given by

k0xF�ky� = � arccos�− 
F

2ta
−

tb

ta
cos ky� . �3�

By series expansion in tb / ta�1, we obtain the Fermi surface
as
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k0xF�ky� = � �kF −
1

vF
t0��ky�	 , �4�

where

t0��ky� = − 2t1 cos ky − 2t2 cos 2ky − 2t3 cos 3ky

− 2t4 cos 4ky + ¯ . �5�

In the above equation


F = − 2ta cos kF
1 + O�� tb

ta
�2	� , �6�

vF = 2ta sin kF
1 + O�� tb

ta
�2	� , �7�

t1 = tb
1 + O�� tb

ta
�2	� , �8�

t2 = tb� = O� tb

ta
� , �9�

and

tn = O�� tb

ta
�n	 . �10�

Then we obtain the linearized dispersion near the Fermi sur-
face as


̃0k = vF��kx� − kF� + t��ky� . �11�

This model has been studied extensively in order to explain
the FISDW states in the quasi-one-dimensional
systems.1–12,21,25–28

B. Triclinic lattice

In the real systems the lattice is neither square nor rect-
angular in the plane �neither cubic nor tetragonal in the
three-dimensional system� but triclinic. There are multiple
transverse integrals I1, I2, I3, I4, S1, and S2 �see Fig. 1�. In
this case we linearize the dispersion with respect to kx near
the Fermi surface as


k
�R� = vF�kx − kF� + t�

�R��ky� , �12�


k
�L� = vF�− kx − kF� + t�

�L��ky� , �13�

where

t�
�R,L��ky� = − 2tb cos�ky � ��

− 2tb� cos�2�ky � ��� � 2�2 sin�2�ky � ���

− 2t3 cos�3�ky � ��� � 2�3 sin�3�ky � ���

− 2t4 cos�4�ky � ��� � 2�4 sin�4�ky � ��� .

�14�

The derivation is given in Appendix. In Eqs. �12�–�14�, �R�
and �L� mean kx�kF and kx�−kF, i.e., the right and the left
region in the momentum space, respectively, and � means
that − or + is taken for the right or the left region in the
momentum space, respectively. In the above equation �, tb�,
t3, t4, �2, �3, and �4 come from several transfer integrals �S1,
S2, S3, S4, I1, and I2� in the triclinic lattice. The term propor-
tional to sin ky does not exist, because this term can be in-
cluded in �, while �2, �3, and �4 terms are finite in general in
the triclinic lattice. The imperfectness of the nesting of the
Fermi surface are affected by the �2, �3, and �4 terms as well
as tb�, t3 and t4 terms. In this paper we take

tb�/tb = 0.1, �15�

and t3, t4, �2, �3, and �4 as parameters. Note

t�
�L��− ky� = t�

�R��ky� , �16�


−k = 
k, �17�

due to time-reversal symmetry in the absence of a magnetic
field.

III. NESTING VECTOR OF THE FERMI SURFACE

In the previous paper,25 we studied the condition for the
nesting vector Q in the quasi-one-dimensional systems in the
rectangular lattice ��2=�3=�4=0, �=0�. Here we study the
general case. The right and the left parts of the Fermi surface
are given by


k
�R� = 0, �18�

and


k
�L� = 0. �19�

The Fermi surface is given by two warped curves kxF
�R,L��ky�

as a function of ky in the kx-ky plane, where

kxF
R,L�ky� = � �kF −

1

vF
t�
�R,L��ky�� . �20�

When we translate the left part of the Fermi line with the
nesting vector Q, the translated line is given by

kxF
�L���ky� = Qx − kF +

1

vF
t�
�L��ky − Qy� . �21�

When tb�=�3= t4=0, the Fermi surface is perfectly nested
with the vector Q0, where

Q0 = �2kF,� + 2�� . �22�

We define q by

a

b
I
1

I
2
I
3

I
4

S
1

S
2

FIG. 1. �Color online� Triclinic lattice and transfer integrals in
�TMTSF�2X.
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q = Q − Q0, �23�

and we obtain

kxF
�R��ky� − kxF

�L���ky� = − qx − �a1 cos Ky + a2 cos�2Ky�

+ a3 cos�3Ky� + a4 cos�4Ky�� , �24�

where

Ky = ky −
Qy

2
= ky −

1

2
�qy + � + 2�� , �25�

a1 =
4

vF
tb sin

qy

2
, �26�

a2 =
4

vF
�tb� cos qy + �2 sin qy� , �27�

a3 = −
4

vF
�t3 sin

3qy

2
− �3 cos

3qy

2
� , �28�

a4 = −
4

vF
�t4 cos 2qy + �4 sin 2qy� . �29�

We examine the condition for intersection of the Fermi
surface with the translation of Q. The condition for the in-
tersection of the Fermi surface is given by

kxF
�R��ky� − kxF

�L���ky� = 0. �30�

We take qx=0 and the fixed value of qy, and plot kxF
�R��ky�

−kxF
�L���ky� vs Ky as shown in Fig. 2. If qx �in the unit of tb /vF�

is in the region labeled by “0,” there are no intersection of
the Fermi surface with the vector Q. If qx is in the region
labeled by “2,” “4,” or “6,” the intersection of the Fermi
surface with the translated one occurs “2,” “4,” or “6” times,
respectively. Figure 3 shows the example for six crossing
points. In this way we can plot the boundary for the different
number of crossing points in the qx-qy plane �Fig. 4�. We
have shown25 that when �2=�3=�4=0, the region of the four
crossing points is important in the quasi-one-dimensional
system �we have called the region of the four crossing points
as swept back region in the previous paper�. We find that the
new region of the six crossing points �region “6”� appears if
�3 is larger than the critical value ��3��3

�, while this region
is not generated by the �2 term. The t3 term also makes the
region “6” but the area of that region is small, as we will
show below. The critical value �3

� depends on other param-
eters, t3, �2, etc. We obtain that �3

��0.19�tb��, when t3= t4=0,
�2=�4=0, and tb�=0.1tb. As shown in the Appendix, the esti-
mated value of the parameter ��3 / tb�� for the organic conduc-
tor �TMTSF�2ClO4 is near the critical value. We plot the �3
dependence of the edge point of the region “6” in Fig. 5. As
seen in Fig. 5, �Ky� becomes � at �3=�3

�. When �3 is close to
the critical value, the region “6” has very small area in qx-qy
plane, but its area becomes larger as �3 becomes larger �see
Fig. 4�.
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FIG. 2. �Color online� kxF
�R��ky�−kxF

�L���ky� vs Ky for qy /�=0, 0.1
and 0.15.
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When the Fermi surface and the translated one with vec-
tor Q intersect each other, �0�Q� is large, as we will show in
the next section, and the spin density wave �SDW� with vec-
tor Q, which gives the largest value of �0�Q�, can be stabi-
lized by the electron interaction.

If the order parameter � of the spin density wave is finite,
the energy becomes

E�k� =

k

�R� + 
k−Q
�L�

2
�� 
k

�R� − 
k−Q
�L�

2
�2

+ �2. �31�

When � is very small, the energy gap is opened only near the
intersection points and there appear the electron pockets and

hole pockets depending on the sign of kxF
�R��ky�−kxF

�L���ky�, as
shown in Fig. 3.

When � is very small, the areas of electron pockets and
hole pockets are given by

Se =
1

2
�

−�

�

�kxF
�R��ky� − kxF

�L���ky� + �kxF
�R��ky� − kxF

�L���ky���dky

�32�

and

Sh =
1

2
�

−�

�

�− kxF
�R��ky� + kxF

�L���ky� + �kxF
�R��ky� − kxF

�L���ky���dky ,

�33�

respectively. We obtain that the net area of the electron
pocket, i.e., the difference of the areas of electron pockets
and hole pockets, is obtained as

Se − Sh = − 2�qx. �34�

When the magnetic field is applied, the x component of the
nesting vector �qx� in FISDW is quantized as

qx = NeB �35�

with integer N at low temperature,29 and the quantized Hall
conductivity is labeled by N. The quantization in FISDW
may be consistent with the fact that the net area of the elec-
tron pocket depends only on qx, although the explanation of
the FISDW is not given completely by the semiclassical pic-
ture. This situation is not affected by the presence of �, �2,
�3, and �4, as far as we use the linearized dispersion with
respect to kx.

IV. SUSCEPTIBILITY IN QUASI-ONE-DIMENSIONAL
SYSTEMS

In this section we study the susceptibility in the quasi-
one-dimensional systems. When Hamiltonian is given by

H0 = �
k,�


kck,�
† ck,�, �36�

the static susceptibility is calculated as

�0�Q� = �
k

2f��0�k��
�0�k − Q� − �0�k�

. �37�

Since �0�−Q�=�0�Q�, we take Qx�0 without loss of gen-
erality. At T=0 the integral over kx can be performed for the
quasi-one-dimensional systems with the linearized dispersion
�Eqs. �12� and �13��. Then we obtain

�0�Q� = �
−�

� dky

2�
�

kxF
�L��ky�

kxF
�R��ky� dkx

2�

2

�k−Q − �k

=
1

�
�

−�

� dky

2���kxF
�L��ky�

0 dkx

Y�LL� + �
0

kxF
�R��ky� dkx

Y�LR� + 2kxvF
	

=
1

�vF
�

−�

� dky

2�� X

Y�LL� −
1

2
log� Z

Y�LR��	 �38�

where
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FIG. 4. �Color online� The nesting vector Q=q+Q0 and the
number of crossing points. The numbers 0, 2, 4, and 6 mean that
there are 0, 2, 4, and 6 crossing points on the Fermi surface with the
nesting vector Q. The lower figure is the closeup of the upper figure
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are the boundaries for the parameter �3 / tb�=0.8 and �3 / tb�=0.21,
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X = vFkF − t�
�L��ky� , �39�

Y�LL� = vFQx + t�
�L��ky − Qy� − t�

�L��ky� , �40�

Y�LR� = vFQx + t�
�L��ky − Qy� − t�

�R��ky� , �41�

and

Z = Y�LR� − 2vFkx
�R��ky�

= vF�Qx − 2kF� + t�
�L��ky − Qy� + t�

�R��ky� . �42�

There are kink singularities in the susceptibility at T=0
originated from the integral of the logarithm in Eq. �38�. The
susceptibility has kink when �qx ,qy� is on the boundary of
the regions with the different number of the crossing points.
We plot �0�Q� in Figs. 6–9. Note that the susceptibility is
symmetric with respect to qy only when �2=�3=�4=0. When
�3��3

�, there is no region “6” and �0�Q� has a plateaulike
maximum in the region “4,” as seen in Fig. 6. With �3 larger
than the critical value �3

�, the two-step plateau in �0�Q� ap-
pears in the region “6” as seen in Figs. 7 and 8. The region
“6” appears with the t3 term if t3 is negative and �t3� is large
as shown in Fig. 9, but the area of higher plateaus is smaller

than that in the case with the two-step plateau caused by the
�3 term.

V. FIELD-INDUCED SPIN DENSITY WAVE

In this section we study the FISDW in the quasi-one-
dimensional systems. When the magnetic field is applied in
the z direction, we take the Landau gauge,

A = �0,Bx,0� . �43�

The wave vector kx and ky should be replaced by the operator
as

k → �p + eA� , �44�

where −e�0 is the electron charge and

p = − i � . �45�

Then the eigenstates in the presence of the magnetic field
is obtained by the Schrödinger equation

�vF�− i
�

�x
− kF� + t�

�R��− i
�

�y
+ eBx�	��R��x,y�

= E�R���R��x,y� , �46�

and

FIG. 6. �Color online� The three-dimensional �3D� plot and the
contour plot of �0�Q� as a function of q=Q−Q0 in the quasi-one-
dimensional systems with triclinic lattice. The parameters are
tb� / tb=0.1, t3= t4=0, �3=�4=0. The plateaulike maximum of �0�Q�
are seen in the region near qx=qy =0.

FIG. 7. �Color online� The 3D plot and the contour plot of
�0�Q� for the parameters �3 / tb�=0.3. Other parameters are the same
as taken in Fig. 6. It can be seen that �0�Q� becomes higher at the
edge of the plateaulike region in qy �0.
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�vF�i
�

�x
− kF� + t�

�L��− i
�

�y
+ eBx�	��L��x,y�

= E�L���L��x,y� . �47�

The eigenstates are obtained as

��R��x,y� = ��Kx + nG,ky��R��

= exp�i
�kF + Kx + nG�x + kyy

−
1

vFG
�

ky

ky+Gx

t�
�R��p�dp�	 , �48�

and

��L��x,y� = ��Kx + nG,ky��L��

= exp�i
�− kF + Kx + nG�x + kyy

+
1

vFG
�

ky

ky+Gx

t�
�L��p�dp�	 , �49�

where

G = eB �50�

is the width of the Brillouin zone when we take the gauge as
Eq. �43�. The energy is written as

E�R� = vF�Kx + nG� , �51�

and

E�L� = − vF�Kx + nG� , �52�

where n is an integer and

FIG. 8. �Color online� The 3D plot and the contour plot of
�0�Q� for the parameters �3 / tb�=0.6. Other parameters are the same
as taken in Fig. 6. It can be seen that �0�Q� becomes higher at the
edge of the plateaulike region in qy �0.
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Fig. 6 �tb / tb�=10.0, t4=�3=�4=0�. The region of the six crossing
points �Eq. �6�� appears as seen in the figure.
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0 � Kx � G . �53�

Thus the eigenstate is labeled by Kx, n, and ky.
The susceptibility is written by using the eigenstates in

the magnetic field as

�0�Q,B� = �
Kx,n,ky,Kx�,n�,ky�

���Kx� + n�G + Qx − 2kF,ky�

+ Qy��R��eiQ·r��Kx + nG,ky��L���2

�
f�EKx+nG� − f�EKx�+n�G+Qx−2kF

�

EKx�+n�G+Qx−2kF
− EKx+nG

. �54�

Since we are interested in the case Qx�2kF, we have taken
the matrix element between the left part and the right part
and neglected the other matrix elements. With the eigenstates
in the magnetic field given in Eqs. �48� and �49�, the matrix
element is written as

���Kx� + n�G + Qx − 2kF,ky� + Qy��R��eiQ·r��Kx + nG,ky��L���

� �Kx,Kx�
�ky,ky�

In−n��Qy� , �55�

where

In−n��Qy� = ��
−�

� dp

2�
exp�i
�n − n��p +

a1

G
sin p +

a2

2G
sin 2p

+
a3

3G
sin 3p +

a4

4G
sin 4p�	�

= � �
�2=−�

�

�
�3=−�

�

�
�4=−�

�

J−n+n�−2�2−3�3−4�4
�a1

G
�

� J�2
� a2

2G
�J�3

� a3

3G
�J�4

� a4

4G
�� . �56�

We obtain

�0�Q,B� = �
N

�IN�Qy��2�0
1D�Qx − NG� , �57�

where �0
1D�Qx+NG� is the susceptibility in the one-

dimensional system given by

�0
1D�Qx − NG�

= N�0��
−�c

�c

d�

�

f�− � +
1

2

Qx−NG−2kF

1D � − f�� +
1

2

Qx−NG−2kF

1D �
2�

, �58�

where


Qx−NG−2kF

1D = vF�Qx − NG − 2kF� . �59�

When the magnetic field is finite, the susceptibility in the
quasi-one-dimensional system is given in terms of the one-
dimensional susceptibility, which diverges logarithmically
for Qx=NG+2kF at T=0. The quantization of Qx is caused
by this divergence of the susceptibility at T=0. At finite but

small T, the maximum of �0�Q� is obtained at Q which gives
the maximum of IN�Qy� and Qx=2kF+NG.

We take the unit of the magnetic field as

B0 =
4tb

vFe
, �60�

i.e., B0�400 T for �TMTSF�2PF6 and �TMTSF�2ClO4. We
plot the susceptibility at B=0.03B0 and T=0.001tb as a func-
tion qx and qy in Figs. 10 and 11. The susceptibilities as a
function of the magnetic field B are plotted in Fig. 12, where
the wave vector Q is taken to give the maximum value of
�0�Q� for given B, i.e., Qx is quantized to be qx=Qx−2kF
=NeB with integer N and Qy is searched numerically to give
the absolute maximum of �0�Q� for each N. As seen in Fig.
12, �0�Q ,B� for N�0 is enhanced by �3 but that for N=0 is
not. This effect of �3 on �0�Q ,B� can be interpreted as fol-
lows. As mentioned above, the wave vector q for N�0 lo-
cates in the region “6” or near that region. The susceptibility
at B=0 is enhanced in the region “6” as we have discussed in
the previous section. Therefore, it is natural to expect that
�0�Q ,B� with N�0 is also enhanced. On the other hand, the
wave vector q for the peak of the �0�Q ,B� with N=0 is
given at qx=0 and qy goes to qy =0 as B becomes large. Since
q= �0,0� is in the region “4,” where �0�Q� at B=0 is little
affected by �3 term. This may explain the small effect of �3
on �0�Q ,B� with N=0.
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FIG. 10. �Color online� The 3D plot and the contour plot of the
wave-vector-dependent susceptibility in the magnetic field.

NESTING OF THE FERMI SURFACE AND THE WAVE-… PHYSICAL REVIEW B 81, 235118 �2010�

235118-7



In Fig. 13 we plot the nesting vector q=Q−Q0 for vari-
ous values of B. In these figures the wave vectors for each
quantized qx are plotted, which do not always give the abso-
lute maximum of �0�Q�. For �3 / tb�=0.2 �the upper figure in
Fig. 13�, the region “6” is very small and invisible in this
scale. Even in that case, the nesting vectors for N�0 locate
near the upper edge of the region “4,” where the new plateau
will appear for the larger values of �3. When �3 is large
enough to make the two-step plateau, the wave vectors are
located in the region “6” for most of the cases as seen in the
middle figures in Fig. 13. As the magnetic field becomes
larger, qx for N�0 becomes larger and q cannot be in the
region “6.” Then q locates in the region “2” with qy �0 but
further increase of B makes the jump of q into region of “4”
with qy �0. We plot the phase diagram for the index N of
FISDW in the plane of the magnetic field and �3 / tb� �the
upper figure�, �2 / tb� �the middle figure�, or t3 / tb� �the lower
figure� in Fig. 14. The region of FISDW state with N=0 is
shifted toward the higher magnetic field, as ��3� increases,
which can be understood by noting that the FISDW states
with N�0 are enhanced by �3 term but that with N=0 is not.
The boundary of the FISDW states with different N is less
affected by �2 than by �3. The effects of t3 term on the sus-
ceptibility and the phase boundary of FISDW with different
N are also smaller than those of �3 term, as shown in the

lower figure in Fig. 14. The reason can be seen in Eqs. �27�
and �28� since qy �0, �3 term is more important than �2 and
t3 terms, which are proportional to sin qy and sin�3qy /2�,
respectively, and are small for small qy. The phase boundary
near t3 / tb��0.3 are caused by the jump of the nesting vector
q when the magnetic field is changed, as seen in the lower
figure in Fig. 13. The local maximum of �0�Q ,B� locates at
qy =0 for the even number N, when �2=�3=0. When t3 is
larger than the critical value, the local maximum at qy =0
may become the largest. In that case the peaks at �N have
the same value, as we write “2 or −2” in the lower figure in
Fig. 14. This degeneracy can be lifted by t4 term28 or �3 term,
but the degeneracy of N=2 and N=−2 at qy =0 is not lifted
by �2 term.
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FIG. 11. �Color online� The same as Fig. 10 with finite �3. The
susceptibility is not symmetric with respect qy.
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VI. CONCLUSION

We have studied the susceptibility in the quasi-one-
dimensional systems theoretically. We find the two-step pla-
teaulike maximum of �0�Q� at B=0 in the case of the warped
Fermi surface with �2�3 sin 3�ky ��� term, which is ex-
pected to exist in the triclinic lattice. The susceptibility is
much enhanced in the higher plateaulike region �the region
“6”�, where the Fermi surface intersects with the translated
one at six points, while the intersection points are four in the
lower plateau region �the region “4”�. The susceptibility in
the presence of the magnetic field �0�Q ,B� is also studied.
The FISDW states are labeled by the integer N, which cor-
responds to the peaks of �0�Q ,B� at the quantized value of
qx=NG. Even in that case �0�Q ,B� is shown to be large
when q locates in the plateaulike maximum region at B=0.
This feature explains the relatively strong dependence of the
phase boundary between N=0 and N=1 on �3 �the N=1

phase is realized in the larger range of the magnetic field as
��3� increases.� than on �2 and t3. Since the parameters tb, tb�,
t3, �2, and �3 are expected to be strongly affected by pressure,
the experimental study30,31 of the pressure dependence of the
phase boundaries in the FISDW states will reveal the impor-
tance of the �3 in the quasi-one-dimensional systems, al-
though it is difficult to predict on what conditions the en-
hancement of the wave-vector-dependent susceptibility will
be observed experimentally.

In this paper we have not taken account of the periodic
potential caused by the anion ordering. The interplay be-
tween the periodic potential and the warping of the Fermi
surface studied in this paper is interesting.

The nesting properties studied in this paper are also im-
portant for the presence of the superconductivity with the
finite total momentum of Cooper pairs, �Fulde-Ferrel-Larkin-
Ovchinnikov �FFLO� state�,32 which is proposed to exist in
�TMTSF�2ClO4.33
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APPENDIX: TIGHT-BINDING MODEL FOR FIG. 1

In this Appendix we show how Eqs. �12�–�14� are derived
from the tight-binding model on the triclinic lattice in Fig. 1.
Note that there are two nonequivalent sites in the unit cell
�right triangles and left triangles in Fig. 1�, and the unit lat-
tice vectors are 2a and b. The Hamiltonian for the tight-
binding model is given as

H = �
k

�c1,k
† ,c2,k

† ��H11 H12

H21 H22
��c1,k

c2,k
� , �A1�

where

H11 = H22 = 2I3 cos ky + 2I4 cos�ky − 2kx� − 
F, �A2�

H12 = H21
� = S1eikx + S2e−ikx + I1ei�kx−ky� + I2e−i�kx−ky�,

�A3�

kx = k · a , �A4�

and

ky = k · b . �A5�

The energy is obtained as


k = H11 � �H12� . �A6�

Since we consider the 3/4 filled band, we take the upper
band. Then we obtain,


k = 2I3 cos ky + 2I4 cos�ky − 2kx�

+ ��2S cos kx + 2T cos�kx − ky��2

+ �2�S sin kx + 2�T sin�kx − ky��2�1/2 − 
F, �A7�

where

S =
1

2
�S1 + S2� , �A8�

�S =
1

2
�S1 − S2� , �A9�

T =
1

2
sgn�S��I1 + I2� , �A10�

�T =
1

2
�I1 − I2� . �A11�

For the quasi-one-dimensional systems, we can take S much
larger than ��S�, �T�, ��T�, �I3� and �I4�. For the zeroth order
and the first order in �S, T, �T, I3, and I4, we obtain


k
�1� = �2S cos kx + 2T cos��kF� − ky�� + 2I3 cos ky

+ 2I4 cos�ky � 2kF�� − 
F

� 2S�cos kx − cos kF�� − 2t1 cos ky � 2�1 sin ky

= − vF��kx� − kF�� − 2tb cos�ky � �� , �A12�

where kF� =� /4 is the Fermi wave number in the first Bril-
louin zone,

vF = 2S , �A13�

t1 = − I3 −
2

2
T , �A14�

�1 = I4 +
2

2
T , �A15�

tb = sgn�t1�t1
2 + �1

2, �A16�

and

� = arctan
�1

t1
. �A17�

In the above the principal value of arctangent should be
taken ������ /2�.

In the extended zone we take the Fermi wave number as
kF=3� /4 �see Fig. 15�. Then we obtain


k
�1� = vF��kx� − kF� − 2tb cos�ky � �� , �A18�

for �kx��kF. Note that the sign of tb and � is different from
those studied by Yamaji,1,24 where the first Brillouin zone is
used.

Next, we consider the higher order terms in I3 /S, I4 /S,
�S /S, T /S, and �S /S. We expand in Eq. �A7� as


k � 
k�kx=�kF�
+� �
k

�kx
�

kx=�kF�
�kx � kF��

+
1

2!
� �2
k

�kx
2 �

kx=�kF�
�kx � kF��2 +

1

3!
� �3
k

�kx
3 �

kx=�kF�
�kx � kF��3

+ ¯ �A19�

To obtain the second order terms in �S, T, �T, and I4, we
expand 
k �kx=�kF

and
�
k

�kx
�kx=�kF

in these parameters and we
set

�kx� − kF� = −
2tb

vF
cos�ky � �� + O�� I3

S
�2

,¯	 , �A20�

in Eq. �A19�. Then we obtain1,24
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dimensional band as a function of kx for the fixed value of ky.
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k
�2� = − vF��kx� − kF�� − 2tb cos�ky � ��

− 2tb� cos 2�ky � �� � 2�2 sin 2�ky � �� ,

�A21�

where

tb� =
2

4S
�4I3I4 + 2T�I3 + I4� − ��T�2sin 2� + tb

2� ,

�A22�

and

�2 =
2

4S
�2T2 + 4I4

2 + 2T�I3 + 3I4� − ��T�2cos 2�� .

�A23�

We have neglected the ky-independent terms, because these
terms are the corrections of 
F and they are not important in
our study. Taking

�kx� − kF� �
1

vF
�− 2tb cos�ky � ��

− 2tb� cos�2�ky � ��� � 2�2 sin�2�ky � ���� ,

�A24�

we obtain t3 and �3 in the third order expansion as

t3 = −
2I4�tb� cos � + �2 sin ��

S
−

2I4tb
2 sin �

S2

+
��T�2tb�2 cos 2� + sin 2��

4S2

+
2T��T�2�cos 3� + sin 3��

8S2 +
2tbtb�

2S

−
T�tb��cos � + sin �� − �2�cos � − sin ���

2S

+
2Ttb

2�cos � − sin ��
8S2 +

tb
3

12S2 , �A25�

and

�3 =
2I4�tb� sin � − �2 cos ��

S
−

2I4tb
2 cos �

S2

+
��T�2tb�cos 2� − 2 sin 2��

4S2

+
2T��T�2�cos 3� − sin 3��

8S2 +
2tb�2

2S

−
T�tb��cos � − sin �� + �2�cos � + sin ���

2S

−
2Ttb

2�cos � + sin ��
8S2 . �A26�

Although there exist the third order corrections in tb and �,
we can neglect these corrections. When we use the transfer
integrals for �TMTSF�2ClO4 obtained by the ab initio calcu-
lation by Ishibashi et al.23 �S1=263.0 meV, S2

=237.0 meV, I1=−19.1 meV, I2=−41.8 meV, I3

=53.2 meV, and I4=−4.70 meV�, we obtain tb

=−41.1 meV, �=39.6°, tb�=−2.16 meV, �2=0.332 meV,
t3=0.0419 meV, and �3=0.470 meV �tb� / tb=0.0526, �2 / tb�
=−0.154, t3 / tb�=−0.0194, and �3 / tb�=−0.218�. In this case the
value of ��3 / tb�� is near the critical value discussed in the text.
When we use the parameters obtained by Ducasse et al.22 for
�TMTSF�2ClO4 at 7 K �S1=287 meV, S2=266 meV, I1
=−34.0 meV, I2=−64.1 meV, I3=46.2 meV, and I4
=7.5 meV�, we obtain tb=−29.5 meV, �=67.0°, tb�
=−2.09 meV, �2=0.548 meV, t3=−0.132 meV, and �3
=0.163 meV �tb� / tb=0.07, �2 / tb�=−0.262, t3 / tb�=−0.063, and
�3 / tb�=−0.078�. When the parameters for �TMTSF�2PF6 at 4
K �Ref. 22� �S1=280 meV, S2=254 meV, I1=−17.8 meV,
I2=−49.7 meV, I3=46.9 meV, and I4=5.6 meV� are used,
we obtain tb=−29.5 meV, �=36.7°, tb�=−0.972 meV, �2
=−0.981 meV, t3=−0.128 meV, and �3=0.038 meV �tb� / tb
=0.03, �2 / tb�=1.01, t3 / tb�=0.132, and �3 / tb�=0.039�. In these
cases ��3 / tb�� is smaller than the critical value ��3

� / tb��.
In the similar way we can obtain t4 and �4, and we get

Eqs. �12�–�14�, but we take t3, �3, t4 and �4 as independent
parameters in this paper.
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